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1 Introduction and Main results 



Abstract 

p l . We establish general estimates for simple random walk on an arbitrary infinite random 

graph, assuming suitable bounds on volume and effective resistance for the graph. These 
are generalizations of the results in [6j Section 1,2], and in particular, imply the spectral 
dimension of the random graph. We will also give an application of the results to random 
walk on a long range percolation cluster. 
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^ 1.1 Introduction 

Recently, there are intensive study for detailed properties of random walk on a percolation cluster. 
^ . For a random walk on a supercritical percolation cluster on Z d (d > 2), detailed Gaussian heat 
kernel estimates and quenched invariance principle have been obtained ( [31 HQl HZl HH] ) • This means, 
such a random walk behaves in a diffusive fashion similar to a random walk on Z d . On the other 
hand, it is generally believed that random walk on a large critical cluster behaves sub diffusively 
(see [3] and the references therein). Critical percolation clusters are believed (and for some cases 
proved) to be finite. So, it is natural to consider random walk on an incipient infinite cluster (lie), 
namely a critical percolation cluster conditioned to be infinite. Random walk on IICs has been 
proved to be subdiffusive on Z 2 (|13j), on trees ([El 13)) anc l f° r ^ ne spread-out oriented percolation 
on Z d x Z + in dimension d > 6 ([B]). 

In order to study detailed properties of the random walk, it is nice and useful if one can compute 
the long time behaviour of the transition density (heat kernel). Let p n (x, y) be its transition density 
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(see (II .5p for a precise definition) of a random walk on an infinite (random) graph G. Define the 
spectral dimension of G by 

d s (G) = -2 hm kg^fo*), 

(if this limit exists). Let d be the IIC for percolation cluster on Z d . Alexander and Orbach [2] 
conjectured that, for any d > 2, d s (Cd) = 4/3. (To be precise, the original Alexander-Orbach 
conjecture was that the left side hand of (11.331) is equal to 2/3 for all dimensions on d-) While 
it is now believed that this conjecture is unlikely to be true for small d ([3]), it is proved that the 
conjecture is true on trees ([HE]), and for the spread-out oriented percolation on Z d x Z + , d > 6 
([6]). One very interesting open problem in this direction is to establish estimates of d s (Cd) (or the 
corresponding IIC for the oriented percolation) for d small to disprove/prove the Alexander-Orbach 
conjecture. 

In [6], general estimates are given for simple random walk on an arbitrary infinite random 
graph G, assuming suitable bounds on volume and effective resistance for the random graph. In 
particular, d s (G) = 4/3. The main purpose of this paper is to extend this general estimates 
to the framework of strongly recurrent random walk on the random graph G. Here 'strongly 
recurrent' simply means d s (G) < 2. (See [5] Section 1.1, for more precise meaning of 'strongly 
recurrent'.) Roughly saying our main results can be expressed as follows; if the volume of the ball 
of radius R on the random graph is of order R D with high probability and the resistance between 
the center and the outside of the ball is of order R a with high probability (precise statement is 
given in Assumption 11.21) . then one can establish both quenched (i.e. almost sure with respect 
to the randomness of the graph) and annealed (i.e. averaged over the randomness of the graph) 
estimates for the exit time from the ball, on-diagonal heat kernel, the mean displacement, etc. 
(Propositions [T73TI1.4I and Theorem 1 1 . 5[) . In particular, 

d s (G) = j^-. (1.1) 

Note that the estimates given in Section 1-2 of [6] treat the case D = 2, a = 1. Our results are 
general enough to allow logarithmic corrections for the volume and the resistance estimates. In 
fact, the volume growth v(R) and the resistance growth r(R) could be any functions satisfying 

(H3D. 

Unfortunately, so far we could not establish any new results for random walk on the IIC for 
low dimensions. Though our results give 'simplest' conditions on volume and resistance growth 
(Assumption 11.21) to obtain the spectral dimension d s (G), significant work is required to prove 
them for such models, as was done in Section 3-5 of [6] for the spread-out oriented percolation 
on Z d x Z + , d > 6. Instead, we apply our results to the long range percolation, which is another 
important random graph. We consider the following case of the long range percolation. On Z, each 
pair of points x, y G Z, \x — y\ > 2 is connected by an unoriented bond with probability f3\x — y\~ s 
for some (3 > and s > 2, independently of each others. Each pair of nearest points is connected 
with probability 1. On this random graph, we can check the bounds on volume and effective 
resistance required for the general estimates and obtain, for example, (11.11) with D = a = 1 
(Theorem 12.21) . In fact, it is quite likely that for s > 2, the transition density for simple random 
walk on the long range percolation is Gaussian-type, so there are other ways to establish (11. ip . 
However, we can further observe an interesting discontinuity of the spectral dimension at s = 2 
(Remark Ql)). 
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Finally, we remark that after the first draft of this paper was submitted, some rigorous results 
were obtained concerning the Alexander- Orbach conjecture. In [16], it is proved that the conjecture 
is true when the two-point function behaves nicely; in particular the conjecture is true for simple 
random walk on the IIC of critical percolation on Z d when d is large enough or when d > 6 and 
the lattice is sufficiently spread out. In [T2], it is proved that the conjecture is false for simple 
random walk on a Galton- Watson tree conditioned to survive when the offspring distribution is 
in the domain of attraction of a stable law with index a G (1, 2). (Similar result for the annealed 
case was already obtained in [H].) In both papers, the key ingredient is to obtain suitable bounds 
on volume and effective resistance mentioned above that are sufficient for general quenched and 
annealed estimates. 

The organization of the paper is as follows. In the next subsection, we summarize the framework 
and the main results on random graphs. In Section 2, we give the application of our main results 
to the long range percolation. In Section 3, we give the full proof of the main results. Although 
the principal ideas of the proof is quite similar to the ones in Section 1-2 of [6J, lots of additional 
careful computations are needed to obtain this general version. So, we think it would help readers 
to include the full proof. 

1.2 Framework and Main results 

Let T = (G, E) be an infinite graph, with vertex set G and edge set E. The edges e 6 £ are not 
oriented. We assume that T is connected. We write x ~ y if {x, y} G E, and assume that (G, E) 
is locally finite, i.e., \x y < oo for each y G G, where \x y is the number of bonds that contain y. Note 
that n x > 1 since T is connected. We extend /x to a measure on G. Let d(-, •) be a metric on G. 
(Note that d is not necessarily a graph distance. Any metric on G may be used in this section.) 
We write 

B(x,r) — {y : d(x,y) < r}, V(x, r) — fj,(B(x, r)), rG (0,oo). (1.2) 

We call V(x, r) the volume of the ball B(x, r). We will assume G contains a marked vertex, which 
we denote 0, and we write 

B(R) = B(0, R), V(R) = V(0, R). (1.3) 

Let X = (X n , n G Z + , P x , x G G) be the discrete-time simple random walk on T. Then X has 
transition probabilities 

P%X 1 = y) = —, y~ x . (1.4) 
We define the transition density (or discrete-time heat kernel) of X by 

p n (x,y) = P x (X n = y)— ; (1.5) 

we have p n (x, y) = p n (y, x). For A C G, we write 

T A = inf{n > : X n G A}, t a = T A c, (1.6) 

and let 

Tr = T B (p,R) = ram{n > : X n $ B(0, R)}. (1.7) 
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We define a quadratic form £ by 



£{f,9) = l E (f(x)-f(y))(g(x)-g(y)). (1.8) 

If we regard T as an electrical network with a unit resistor on each edge in E, then £ (/, /) is the 
energy dissipation when the vertices of G are at a potential /. Set i? 2 = {/ G 1R G : £(/, /) < oo}. 
Let A, B be disjoint subsets of G. The effective resistance between A and i? is defined by: 

R^(A, B)- 1 = inf {£(/, /) : / G # 2 , /U = 1, /|b = 0}. (1.9) 

Let R eS (x,y) = R eS ({x}, {y}), and R eS (x,x) = 0. 

It is known that R e s(-, •) is a metric on G (see pT5l Section 2.3]), and the following holds. 

\f(x) - f(y)\ 2 < R cS (x,y)£(fJ), V/ G L 2 (G». (1.10) 

We now consider a probability space (Q, J 7 , P) carrying a family of random graphs r(a>) = 
(G(a;), E(u), u G fi). We assume that, for each to G f2, the graph r(u;) is infinite, locally finite, 
connected, and contains a marked vertex G G. Let d(-, •) := d^-, ■) be a metric on G(u). (Again, 
d is any metric on G(uj), not necessarily the graph distance.) We denote balls in T(u) by B^(x, r), 
their volume by V u (x,r), and write 

B(R) = B W {R) = B w {0, R), V(R) = V U {R) = V u {0, R). (1.11) 

We write X = (X n ,n > 0,P%,x G G(u)) for the simple random walk on T(uj), and denote by 
Pn{x,y) its transition density with respect to n{oS). To define X we introduce a second measure 
space (Q, J 7 ), and define X on the product Q x f2. We write UJ to denote elements of Q. 
Let i>,r : N — > [0, oo) be strictly increasing functions with v(l) = r(l) = 1 which satisfy 

for all < i?' < i? < oo, where Ci, C2 > 1, 1 < d\ < d^ and < ai < <xi < 1. For convenience, 
we let ii(0) = r(0) = 0, t>(oo) = r(oo) = 00 and extend them to v, r : [0, 00] — ► [0, 00] such that 
v, r are continuous, strictly increasing, and satisfy (11.121) . One such extension is to extend them 
linearly. 

The key ingredients in our analysis of the simple random walk are volume and resistance 
bounds. The following defines a random set J(A) of values of R for which we have 'good' volume 
and effective resistance estimates. 

Definition 1.1. Let T = (G,E) be as above. For A > 1, define 

J(A) = {Re [1, 00] : \~ 1 v(R) < V(R) < Xv(R), R eS (0, B(R) C ) > A _1 r(ii!), 
R&(P,y)<\r(d(0,y)), G B(R)}. 

As we see, v(-) gives the volume growth order and r(-) gives the resistance growth order. 

We now make the following assumptions concerning the graphs (T(uj)). This involves upper 
and lower bounds on the volume, as well as an estimate which says that R is likely to be in J(A) 
for large enough A. Note that some assumption includes another assumption, because we assume 
part of them for each theorem and proposition. 
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Assumption 1.2. (1) There exist Ao > 1 and p(\) which goes to as A — > oo siic/j £/iat ; 

P(.R G J(A)) > 1 —p(X) for each R>1,X> A . (1.13) 



^ E[i2 eff (0, B{R) C )V{R)\ < Cl v(R)r(R). 
(3) There exist qo,C2 > such that 



f^j There exist qo,cs > suc/i i/iaf 

p(A) < exp(-c 3 A 90 ). (1.15) 

We have the following consequences of Assumption II .21 for random graphs. Some of the results 
apply also to the random walk started from an arbitrary point x G G(u). Some statements in the 
first proposition involve the annealed law 

P*=PxP°. (1.16) 
Let Z(-) be the inverse function of (v ■ r)(-). 
Proposition 1.3. Suppose Assumption 1 1 . 2( 1) holds. Let n > 1, R > 1. Then 

Pr 1 < /^ff < 9) - 1 as £^ oo, (1.17) 
v{R)r{R) 

P(r 1 < u(J(n))p^(0, 0) < 0) -»• 1 as -»■ oo, (1.18) 

P\ d{ ^^ ] < 0) - 1 as 9^ oo. (1.19) 

_! < oj^oo, (1.20) 
J(n) 

In eaca case the convergence is uniform in n and R. 

Since P°(X 2n = 0) « l/v(l(n)), we cannot replace 1 + rf(0,X„) by d(0,X n ) in (OOP . 
Proposition 1.4. Suppose Assumption M .2( 1) and (2) hold. Then 

Civ(P)r(P) < E(P°r K ) < c 2 v(R)r(R) for all R>1, (1.21) 

— < E(p£ n (0, 0)) /or a// n > 1, (1.22) 
u(X(n)) 

c 4 X(n) < E(P°d(0, X n )) /or all n > 1. (1.23) 



Assume in addition that there exist C5 > 0, Aq > 1 and q' > 2 such that 



nX'MR) < V(R), R eS (0,y) < Xr(d(0,y)), Vy e B(P)) > 1 - Jr, (1.24) 



/or eac/i P > 1, A > Aq. Then 



E(P2n(0, 0)) < ^^yy /or a// n > I. (1.25) 
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We do not have an upper bound in (11.231) : see Example 2.6 in [6]. 

The additional assumption that p(X) decays either polynomially or exponentially enable us to 
obtain limit theorems. Both of the following theorems refer to the random walk started at an 
arbitrary point x G G(uj). 

Theorem 1.5. (I) Suppose Assumption 1 1 . 2/ 1) and (3) hold. Then there exist fli, /3 2 , @3, At < oo, 
and a subset Q with P(fi ) = 1 such that the following statements hold. 

(a) For each u G Qq and x G G(uj) there exists N x (u) < oo such that 

^<AM^, n>NA„. (1.26) 
v{X{n)) v(T(n)) 

(b) For each ui G VLq and x G G(u) there exists R x (co) < oo such that 

(log R)~^v(R)r(R) < Kr R < (logR)^v(R)r(R), R > R x (u). (1.27) 

(c) Let Y n = max <fc<n d(0, Xj.). For each to G VLq and x G G(uj) there exist N x (u,UJ), R x (u,lj) 
such that P^{N X < oo) = P*(R X < oo) = 1, and such that 

(logn)- A X(n) < Y n (u,uJ) < (log n) A Z(n), n > N x (lo,uj), (1.28) 
(log R)-^v(R)r(R) < t r (lu,uJ) < (log Rf 4 v(R)r(R), R > R x (uj,uj). (1.29) 

(II) Suppose Assumption \1.2( 1) and (4) hold. Then there exist fli, 02 < oo, ond Qq with P(fio) = 1 
such that ( E 26]) and \1.27\ ) hold with log log n (resp. log log -Rj instead oflogn (resp. logR). 

(III) Suppose Assumption \1.2 ( 1) and (3) hold. Suppose further that v,r satisfy the following in 
addition to 111. 12]) : 

C^R D (log R)- mi < v(R) < C 3 R D (logR) mi , C^R a (log R)~ m2 < r(R) < C A R a (logR) m2 (1.30) 

for all < R, where C3, C4 > 1, 1 < D, < a < 1 and < mi,m2- Then the following statements 
hold. 

(a) d s (G) := — 21irn„_ i . 00 '"^"^'^ = -f^, P-o.s., and the random walk is recurrent. 

(b) lim R ^^§^ = D + a gU 

(c) Let W n = {Xq, Xi, . . . , X n } and let S n = fi(W n ) = J2 x ew n I 1 *- F° r eac ^ u e an d x G G(cu), 

hm = — , R -a.s.. (1.31) 

n-oo logn D + a " ( J 

Remark 1.6. 1. Let 

j(\) = {Re [1, oo] : X- 1 v(R) < V(R) < Xv(R), R cS (0, B(R) C ) > A -1 r(i2), 
R eS (0,y)<r(d(0,y)), Vy e B(R)}. 

(Note that J(X) contains X in the last inequality whereas J (A) does not.) Assume that Assumption 
\ 1.2( 1) holds w.r.t. J (A) and further the following holds: 

E[1/V(R)] < c l /v(R). (1.32) 
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(Note that this condition is a bit weaker than \1.2$ .) Then, ( tZTU| ) and ^1.25) hold. 

2. If one chooses the resistance metric R e s(-,-) as the metric d(-,-), then clearly R c{i (0,y) < 
Xr(d(0,y)) holds withr(x) = x and A = 1. 

3. If all the vertices in G(u) have degree bounded by a constant Cq for all uj £ fl , then \ W n \ < 
S n < co|W n |. Hence, under the assumption $1.30) , Theorem \1.5\( III) ( c) implies also that 

hm — = — , R-a.s. 1.33 

2 Application: Long range percolation 

In this section, we will apply the theorem in Section 1 to the long range percolation. Let p = 
{p( n )}^Li be a sequence of real numbers. Each unoriented pair of distinct points x,y £ Z d is 
connected by an unoriented bond with probability p(x, y) = p(y, x) — p(\x — y\), independently of 
other pairs. Here, \x — y\ = Yh=i \ x % ~ V%\- We consider the situation that p satisfies 

pin) 

hm m = 1, 2.1 

for some s > 0, (3 > 0. 

Let \L m be {0, l}-valued random variable, which takes 1 if x and y are connected by a bond and 
takes if there is no bond between x, y. (fi xy = fi yx , and \i xx = 0.) fi x = X^ez d f^xy stands for the 
number of bonds which have x as an endpoint. G = Z d is the vertex set and E = {(x, y) \fi xy = 1} 
is the edge set of the corresponding random graph. (We identify (x,y) = (y,x).) 

Here, we give some comments on the backgrounds. Random walks on long-range percolation 
clusters is discussed in p. Let p be a sequence satisfying (12.1 1) and p{n) £ [0, 1) for n > 1. The 
random graphs are locally finite if and only if s > d, and we can define random walks in such a 
case. We choose p for which there exists a unique oo-cluster with probability 1. Then, the main 
results in [9] are the following: 

(1) For d — 1, random walks are transient if 1 < s < 2, and recurrent if s = 2. 

(2) For d = 2, random walks are transient if 2 < s < 4, and recurrent if s > 4. 

In the above, the case d — 1, s > 2 is not mentioned because there is no oo-cluster in such a 
case. From now on, we explore the case d = 1, p(l) = 1, and for n > 2, p{n) £ [0, 1) satisfies (12.11) 
for some s > 2. In this case, the effects of long bonds are not so strong, and as we will see later, 
behaviours of random walks are similar to the random walk on Z. Also, we will refer to some kind 
of discontinuity on s = 2. 

Let d(x, y) := \x — y\ and define B(R), V(R) with respect to this metric. Then, since V(R) > 
%B(R) = 2R-1, 

F(V{R) < \- x R) = if A > 1. 



Further, we have 



TO > A«) < < {. 
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The upper bound on the resistance is obvious by comparing percolation clusters with Z ; 



P 



|J {R eS (0,y)>\d(0,y)} 
.yeB(R) 



if A > 1, 



and 



E[R e{i (0,B(R) c )V(R)} < RE[V(R)} < Cl R 2 . 
The remained work is the lower bound on the resistance. We have the following. 



(2.2) 



;2.3) 



Proposition 2.1. Let q = 1 for s > 3, and let q be an any value in (0, s — 2) for 2 < s < 3. Then, 
there exists c\ = C\(j3, s, q) > 0, such that for each R > 1, 



¥[R cS (0,B(R) c ) < A i?] < ciA 



(2-4) 



Proof. First, we apply the "projecting long bonds" method in Lemma 3.8 in [9] to our case. For 
each u, we construct a new weighted graph from the original one in the following way. 

(1) If a bond (x, y) such that x, t/eZ, x + 2 < y exists, then, divide the bond into y — x short 
bonds. 

(2) For each % — 1, • • • , y — x, replace the i-th short bond by a bond which has x + % — 1 and x + i 
as its endpoints and has weight y — x. 

(3) Repeat (1),(2) for all bonds except nearest-neighbour bonds. 

We use the notation i? e s for the resistance on the new graph. By the shorting law in the terminology 
of the electrical network, the resistance does not increase in the above procedures. And from the 
way of construction, we can see that 



i? eff (o,i?) = E(E Mr 1 , 

i=l eGAi 



(2-5) 



where Aj is the set of all (u, v) satisfying u, v G Z, u < v, (j, uv = 1, and [u, v] D [i — 1, i]. (In other 
words, Ai is the collection of bonds crossing over [i — 1, i].) We denote |e| = \u — v\ for e = (u, v). 
It is easy to see that 



E[R eS (0,B(R) 



< E[R cS (0,B(R) 
= EliR^iO^Rf 1 + /^(O,-^ 1 }*] 

< E[R eS (0, R)" 1 + ^(0, -i?n = 2E[ J R eff (0, R) 



and 



E[^ff(0,i2)" 



E 



R 



{E(ENrT 

i=l eeAi 



< R 



-9-1 



E E 



i=l 



(E M) 9 



s 



We have used the Holder inequality in the last estimate. The expectation in the right hand side 
is finite for each q ; 



E 



(E lei) 9 



oo n 

n=l k=l 

oo n 

n=l fe=l 

oo 



< CaE" 

n=l 



9-s+l 



< OO. 



Combining these calculations, we have 

E[R eS (0,B(R) c y q ] <c 3 R~ q . 

So, by the Chebyshev inequality and (12.6j) . 

P[i?cfr(0, -B(i?) c ) < A _1 i?] < A- 9 i2 9 E[i2eff(0,B(i2) 

< c 3 A"«, 

which completes the proof. 



(2.6) 



□ 



From the above estimates, we have the following. Below, a n ~ b n stands for lim^oo a n /b n = 1. 

Theorem 2.2. The long-range percolation on Z with p(n) ~ f3n~ s for s > 2, (3 > 0, p(l) = 1 
satisfies Assumption 1 1.2( 1), (2) and (3) with v(x) = r(x) = x. 

In this case, the additional assumption (11.241) also holds directly from the condition p(l) = 1. 
So, we obtain the conclusion of Proposition II. 3[ 11.41 and Theorem 11.5( 1.111) with v(x) = r(x) = x. 

Remark 2.3. (1) We have proved that, when s > 2, P2n{%,%) is the order ofn~^. On the other 
hand, from the transience result in JMj, it is natural to see that, when 1 < s < 2, P2 n (%, ~ 
(£(s) > 1) in some sense, though we do not have a rigorous proof. Hence, Theorem \2.2\ implies 
that the order of the heat kernel is discontinuous at s = 2. 

(2) In the one- dimensional long-range percolation model, the phenomena at the point s = 2 are 
non-trivial. In |IJ/ ; the discontinuity of the percolation density at s = 2 is shown. In the recent 
study in JEj , long range percolation mixing time is considered and it is shown that the order of 
the mixing time changes dis continuously when s = 2. In [18}, estimates of effective resistance 
are given for general d, s, and the discontinuity mentioned in (1) is shown in a sense of effective 
resistance. 

(3) Note that the proof of Theorem \2. 2\ can be also applied to some case where we do not assume 
the independence of open bonds, s = 2 is not necessarily critical in the case. 

Remark 2.4. There is a question whether the log- corrections in Theorem \1.5Y l) can be weaken or 
not. To answer this question, it is crucial to study the fluctuation of the volume and resistance. 
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First, let us consider the fluctuation of the volume. The following large deviation estimate holds 
for s > 1 . 

F[V(R) > aR] < exp{-c 2 R}. 
Since Y1r=i exp{ — c 2 R} < oo, by the Borel-Cantelli lemma, we have 

P[limsup^^ < ci] = 1. 

R^oo R 

The lower bound of V(R)/R is trivial from p(l) = 1. Therefore, there is no fluctuation of the 
volume such as Proposition 2.8 in fflj. 

Next, we consider the fluctuation of the resistance. When 2 < s < 3, by calculating K[S(g,g)] 
for appropriate g, we can see that E[i2 e g (0, B(R) C ) x ] < cR 2 ~ s . It seems to us that this is the best 
estimate one can obtain. If so, there may be some fluctuation of the resistance. 

We also give an example satisfying Assumption 11.21 (4) instead of (3). 

Theorem 2.5. We consider the long-range percolation on Z with p(n) ~ e~ cn for c > 0, p(l) = 1. 
Then, Assumption \l. 6 3l 1). ( 2) and (4) are satisfied with v(x) = r(x) = x. 

Proof. The estimate for volume is easy, and the upper bound of resistance is trivial. We will show 
that F[R eS (0,B(R) c ) < X^R] < e~ ClX for some a > 0. 

P[fM0, B(R) C ) < \-'R] = P[inf {£(/, /) : /(0) = 1, /| W = 0} > AiT 1 ] 

< F[£(g,g)>XR- 1 } 

< e- C2X E[ex P {c 2 R£(g,g)}}, 

where g(x) = 1b(r)(x)(1 — -R _1 |x|), and c 2 is a positive constant determined later. We see that 
E[exp{c 2 R£(g,g)}) = E[exp{c 3 i? \di. x ) - 0(2/) I Va*}] 

= Yl E[exp{c 3 R\g(x) - g(y)\ 2 fi xy }} 

x,y& 

= J] {l + (ex P {c 3 R\g(x)-g(y)\ 2 }-l)e- c ^} = J] ^ 

x,y£Z, x,yd"L 

where c 3 = f . Clearly, U x>y eB(Rr = 1 , and 

W hy < II {l + (ex P {c 3 R- l \x-y\ 2 }-l)e~ c \ x -y\} 

x,y£B(R) x,y£B(R) 
2R 

< + (exp^iTV) - l)e~ cn } m = X. 

n=l 



Now 



2R 

logX = ^2i?log{l + (exp(c 3 irV) - l)e" cn } 

n=l 

2R 

< 2RJ2 (exp(c 3 iT V) - l)e- cn 

n=l 
b/R] 2R 

= 2R{J2+ E } = 2R(S 1 + S 2 ). 

n=l n =[VM\+l 
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We first estimate Si. 

Si<J2 c 4j R" 1 n 2 e- cn < aR- 1 ]T n 2 e~ cn < c^RT 1 . 

n=l n=l 

For the estimate of S2, we choose c 3 sufficiently small so that 

2R 2R 

S 2 < E exp{c 3j R~ 1 n 2 }e- cn < ^ exp{-(c - 2c 3 )n} < e" C6 ^. 

n=[ v / i?]+l n=[VR]+l 

Therefore, we have logX < C7 , and X < e C7 . Furthermore, we see that 

II J xy = II II {l + (exp{c 3 R-\R-\x\) 2 }-l) e - c ^} 

xeB(R),yeB(R) c x£B(R) y£B(R) c 

= n a ^ 

xeB(R) 

and 

loga x = Yl log{l + (exp{c 3 R-\R-\x\f}-l)e- c ^} 

y£B(R) c 

< (exp{c 3 R-\R - \x\) 2 } - l)e- c l^l 

yeB(RY 

< c 8 exp{c 3 R-\R-\x\) 2 }e- c{R - lxl) 

< C8e c 3( R -N) e - c ( R -M) _ -co(R-\x\) 

for sufficiently small c 3 . Thus, 

II ax < II explcge-^^-l^)} 

x£B(R) x£B(R) 

oo 

= exp{c 8 £ e" C9 ^-l ;!; l)}<exp{2c 8 5:e- C9 "}<c 1 o. 

xEB(R) n=l 

From these estimates, we obtain the result for suitable ci . □ 



3 Proof of the main results 

In Section 13. 1[ we prove several preliminary results for random walk on a fixed but general graph. 
Then in Section 13.21 we apply these results to prove Propositions I1.3H1.4I and Theorem 11.51 We 
adopt the convention that if we cite elsewhere the constant ci in Lemma 3.2 (for example), we 
denote it as C3.2.1. C\, C2 stand for the constants in (11.121) . 

3.1 Estimates for general graphs 

In this section, we fix an infinite locally- finite connected graph V = (G, E) , and use bounds on 
the quantities V(R) and R e s (0, B(R) C ) to control E°tr, p n (0, 0) and E°d(0,X n ), where d(-, •) is a 
metric on G. To deal with issues related to the possible bipartite structure of the graph, we will 
consider p n {x,y) +p n+1 (x,y). 
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Proposition 3.1. Let G G and f n {y) = Pn(0, y) + p n+ i(0, y). 
(a) Let R > 1 and assume that 

V(0,R) > \- % v{R), R eS {0,y) < Xr(d{0,y)) for all y G B(R). (3.1] 

Then 

W) < ^|^yy for \v{R)r{R) <n< v(R)r(R). 



(b) We have 



\fn(y) - /n(0)| 2 < ^R eS (0,y)p 2[n/2i (0,0). 
n 



Proof, (a) A natural modification of the third equation in [SI Proposition 3.3] using R e g(0,y) < 
Xr(d(Q,y)) < Xr(R) gives 

^(°) 2 ^ V«h^ + CXr{R)f2n{ °\ for all n > 1, R > 0. 
1/(0, R) A n 

Using a+b< 2(aVb), we see that / 2n (0) < (c'/V(0, R)) V(c'Xr(R)/n). So, by setting v(R)r(R)/2 < 
n < v(R)r{R), 

/ 2 n(0) < (c'/V(0,R)) V (2c'X/v(R)) < 2c'X/v(R) < Cl X/v(l(n)), 

where we used V(0, R) > A _1 t>(i?) in the second inequality, 
(b) Using dTSJ), 

\fn(y)-fn(0)\ 2 <Rctt(0,y)£(f n ,fn). 

We then use [SI Lemma 3.10] to bound £(f n , f n ). □ 

Proposition 3.2. Let R>1, m > I, e ai < l/(4C 2 mA). Wnte 5 = B(0,R), B' = B(0,±eR), 
V = V(0,R), V = U(0, \eR) and suppose R eS (0,y) < Xr(d(0,y)) for all y e B(R). 

(a) For x G B, 

E x t r < 2Xr(R)V. (3.2) 

(b) Suppose further that 

R c s(x, B c ) > r(R)/m for x G 5(0, eR). (3.3) 

Then for x G B' , 

E*r R > W (3.4) 
Am 
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Proof. For any z G B we have 

E z t b = E 9B(z,y)/i y , 

ydB 

where Qb{-i •) is the Green kernel of the Markov chain killed on exiting B. 

(a) Since R e g(z, B c ) < R cS (0, 2) + R cS (0, B c ) < 2Xr(R) for any z e B, 

E z r B = E S/K < E 9b{z, z)fi y = R eS (z, B c )V{0, R) < 2Xr(R)V(0, R), (3.7) 

ydB y&B 

where we used the fact g B (z,z) = R e{i (z,B c ) in the second equality (For the proof of this fact, 
see, for example, section 3.2 in j5].) 

(b) Let p%(y) = g B (x, y)/g B (x, x). Since £(p x B ,p B ) = R eS (x,B c )" 1 = g B (x,xy l and so if 
x,y G B' 

|1 -p x B {y)? < R eS (x,y)R eS (x,B c )- 1 < < 2C 2 me^\ < 1/2, 

where (11.121) is used in the third inequality. Hence p B (y) > 1 — 2 -1 / 2 > |. So, 

E x t r > E 9B(x,x)p B (y)ii y > \fi(B')R eS (x,B c ) > r(R)^B')/(Am). 

y£B> 4 

By the Markov property, ( 13. 2p and ( 13.41) . for x G 5', 

< E x [t r ) <n + E x [l {TR>n] E x "(r R )] <n + 2\r(R)VP x (r R > n), 

for all n > 1. Rearranging this gives (13.51) . 
By(E3D, 

So, if n < r(R)V'/(8m) then 

By the Chapman-Kolmogorov equation and the Cauchy-Schwarz inequality, 

P X {X n G Bf = (EPnO£,2/K) 2 < fJ.(B) E Pn(z, y) 2 Hy < P2n(x, x)V, 
y£B y&B 

and using H3. 81) gives (13. 6ft . □ 

Recall the set J(A) defined in Definition ll.il We will need to know that bounds in the following 
are polynomial in A. To indicate this, we write Cj(A) to denote positive constants of the form 
Cj(A) = Ci\ ±qi . The sign of qi is such that statements become weaker as A increases. The following 
proposition controls the mean escape times and transition probabilities. 
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Proposition 3.3. Let A > 1. 

(1) Suppose that R G J (A). Then there exists Ci(A) stxc/i that 

E z r R < 2X 2 v(R)r(R) for z G B(R), (3.9) 

p n (0,0)+p n+1 (0,0)<^^y if ^v(R)r(R)<n<v(R)r(R), (3.10) 

Pn(0,y)+p n+1 (0,y)<-^- foryeB(R)zf \v{R)r{R) < n < v(R)r(R). (3.11) 

v(l[n)) 2 

(2) There exist c 2 (A), ■ • • ,c 7 (A) such that, if R,c 2 (X)R G J(A) , £/ien 

c 3 (X)v(R)r(R) < E x tr for x G B(c 2 (X)R), (3.12) 

P°(r R > c 4 (A)^(i?)r(i2)) > cb(A), (3.13) 

p 2 n(0, 0) > -^L for ±c 7 (X)v(R)r(R) < n < c 7 (X)v(R)r(R). (3.14) 

Proof. (1) (13.91) is immediate by Proposition 13.2( a). and (13.101) follows from Proposition 13. 1( a) . 
Using Proposition EHJb), and writing f n (y) = p n {0,y) + p„+i(0, y), n' = 2[n/2\, 

fn(y) < /n(0) + \fn(y) - /n(0)| < / n (0) + (ciUMn-WM) 1 / 2 . (3.15) 

So, by (13.101) and by the definition of J(A), if y G -B(-R) then we have (13. lip , namely 

UV) < jgj. (3.16) 

(2) Set m = 2A, e Ql = \/{2C 2 mX) = 1/(4C 2 A 2 ). Since R G J(A), we have, for x G B(0,eR), 
r(R) 



X 



< R eS (0, B c ) < R cS (0, x) + R eS (x, B c ) < Xr(eR) + R eS (x, B c ) < XC 2 e ai r(R) + R eS (x, B c 



where we used dl . 12[) in the last inequality. Hence R e s(x,B c ) > r(R)/m if x G B(0,eR), and 
so the assumption of Proposition 13.2( b) holds. Since R G J(X), V(R) < Xv(R). Also \eR = 

R/(2 1+2 ^Cl /ai X 2 / ai ) =: c 2 {X)R G J(A), so V > A- 1 w(c 2 (A) J R) > c'{X)v{R) for some c'(A) > 0; 
the bounds now follow from Proposition 13.2( b). □ 

Next we apply similar arguments to control d(0,X n ), beginning with a preliminary lemma. 
Recall that Ta was defined in (I1.6P to be the hitting time of A C G. 

Lemma 3.4. Let A > 1 and < e ai < 1/(2C 2 X 2 ). If R G J(A), and u G B{eR) then 

P y {r R < T ) < 2C 2 e^X 2 , (3.17) 
P°(r* : <T tf ) <C 2 e a 'X 2 . (3.18) 

Proof. If A and I? are disjoint subsets of G and a; G" A U -B, then (see [TT| (4)]) 

R eS (x,B) 



P X (T A < T B ) < 



R eS (x,A) 
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Let d(0,y) < eR. Then R eS (y, 0) < Xr(d(y,0)) < Xr{eR) < XC 2 e ai r(R), while 

R&(y, B(R) C ) > R cS (0, B(R) C ) - R cS (0, y) > r(R)/X - XC 2 e a W(R) > r(R)/2X. 



So, 



Similarly, 



Res{y,B(R) c ) 
P°(r R < T y ) < R ^ y \ < C 2 e^X 2 . 



□ 



Proposition 3.5. For each X > 1, there exist Ci(A), • ■ ■ ,Cio(A) such that the following hold. 

(a) Let e < ci(X) and R,eR,c 2 (X)eR G J(X). Then 

P y (r R < c 3 (X)v(eR)r(eR)) < c 4 (X)e a \ forye B(eR). (3.19) 

(b) Let n > 1, M > I, and set R = Ml(n). If R,c 5 (X)R/M,c 6 (X)R/M G J(X), then 

pof^lA > M ) < #. (3.20) 
v l(n) > ~ M Q i v ; 

(c) Let R = l(n) and 9 G (0, 1]. IfR,9R G J(A) then 

P°(x n e B{9R)) < c 8 {X)9 dl . (3.21) 

(d) Let R = I(n) . If R,c 9 (X)R G J(A) then 

P°(r C9{x)R <n)> P°(x n £ B(0,c 9 (X)R)) > \. (3.22) 

Hence 

E°d(0,X n ) > c 10 (A)T(n). (3.23) 

Proof. (a)Letd(A) = (2 1+ ^C 2 1/Ql A 2 / Q 0^A1, c 2 (A) = & (A), and c 3 (A) = & (A) < 1. Then 
the desired inequality is trivial when eR < 1, so assume that eR > 1. Let q(y) = P y {j R < T ), 
so that, by substituting 2e into e in Lemma |3.4[ if d(0,y) < 2e_R then g(y) < coe ai X 2 . Write 
to = c 3 (X)v(eR)r(eR) and a = P°(t r < t ). Now if y G B{2eR) then 

^(tb < to) = P v (tr < t , r R < T ) + P y (r R < t , r R > T ) 

< P y {r R < T ) + P y (T < t r , r R -T < t ) 

< q(y) + (1 - q(y))a < c e^X 2 + a, (3.24) 

using the strong Markov property for the second inequality. So, by a second application of the 
strong Markov property, and (13. 13ft . 

a = P°(r R < t ) < E°[l {TER ^ to} P x ^(r R < t )\ 

<(l-^ 5 (X))(coe^X 2 + a), (3.25) 



15 



where we used the fact that X TsR G B(eR+l) C B(2eR) in the last inequality. Rewriting this gives 
a < CQg Ql A 2 (l-q33i 5 (A))/q3^ 5 (A). Substituting in (13^4]) gives fl3TT9]) with c 4 (A) = c A 2 Aj33] 5 (A). 
(b) 

Let c 5 (A) = c ! „C3(A) 1 /( a! i+ a i) ? where C* > large is chosen later. Let c 6 (A) = c 2 (A)c 5 (A), c 7 (A) = 
(c 5 (A)/ci(A)) Ql (c 4 (A) V 1), M' = M/c 5 (A), and s = (M 7 ) -1 . The desired inequality is trivial when 
c 7 (A)/M Ql > 1, so assume that c 7 (A)/M ai < 1. Then, M > c 5 (A)/c 1 (A), soe = c 5 (A)/M < c x (A). 
Thus the assumption in (a) is satisfied. Using (I1.12p . we have X(n/c 3 (A)) < cc3(A) _1 ^ dl+ai ^X(n), 
so taking c* = c, we have X(n/c 3 (A)) < eX?, which is equivalent to 

n < c 3 {\)v{sR)r{er). (3.26) 

Since 

P°(d(0,X n )/I(n) > M) — P°(d(0,X n ) > R) 

< P°(t r <n)< P°(r R < c 3 (X)v(eR)r(eR)), (3.27) 

where (13.261) is used in the last inequality. Using (a) gives the desired estimate. 

(c) By fl3TU), writing B' = B(0,9R) C B(0,R) and / n (0, y) = p n {0, y) + Pn+1 {0,y), 

P\X n G B') = J2 Pn(0, y)fiy < £ /n(0, V)lh < V{6R)c mi {\)/v{R). (3.28) 

y£B> y£B> 

Since OR G J(A), using (I1.12p . the right hand side of (13.281) is bounded from above by c&(X)6 dl . 

(d) Let 6 = c 9 (A) G (0, 1] satisfy c 8 (\)9 dl = \. Then, since R, 8R G J(A), applying (c), 

P°(X n G B(6R)) < c 8 (A)^ = i. (3.29) 
This proves the first assertion. Also, 

£°d(0, X n ) > 6RP°(X n £ B') > \6R > c 10 (A)X(n). (3.30) 

□ 



3.2 Proof of Propositions ll.3Hl.4l and Theorem 11.51 



We now consider a family of random graphs, as described in Section 11.21 and prove Proposi- 
tions I1.3H1.4I and Theorem 11.51 

We begin by obtaining tightness of E°t r / (v(R)r(R)), v (X(n))p 2 n(0, 0), and d(0,X n )/I(n). In 
the following, we set /(A) = q3^3| 2 (A). 

Proof of Proposition II . 31 We begin with (II. 17ft . Let e > 0. Choose A > 1 such that 2p(A) < e - 
here p(A) is the function given by Assumption 11.21 Let R > 1 and set iq = {i?, l(X)R G </(A)}. 

Suppose first that Z(A)i? > 1. Then, by Assumption 0(1), P(F X ) > 1 - 2p(A). For G iq, by 
Proposition I3.3[ there exists c\ < oo, g x > such that 

M 91 )- 1 < E*T R /(v(R)r(R)) < (qA 91 for x G B(l{X)R). (3.31) 

So, if # = CiA 91 then for > 0„, 

PjV 1 < E°r R /(v(R)r(R)) <6)> P(iq) > 1 - 2p(A) > 1 - e. (3.32) 
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Now consider the case when R < 1/Z(A). For each graph r(o;) let 

Y(u) = sup E%T a /{v(s)r(s)). 

l<«<l/i(A) 

Then Y{uo) < oo for each u, so there exists 9\ such that 

F(Ey R /(v(R)r(R)) > 6,) < F(Y > 6,) < e. 

If we take 6 X > v{l/l(X))r{l/l(X)) then since E°t r > 1, we have E°r R /{v{R)r(R)) > 07/ 1 - So, for 
9 > 6i, we also have PfV 1 < E°r R /{v{R)r{R)) < 6) > 1-e, which completes the proof of (071) . 

We now turn to fll . 18j) . Let n > 1, A > 1, and let i? , Ri be defined by n = ( w^ 7 (X)v(R 1 )r(Ri) = 
v(R )r(Ro). Let F 2 = {Ro, R\,l(X)Ri G J(X)}. Suppose first that Rq and l(X)R 1 are both greater 
than 1; then P(F 2 ) > 1 - 3p(A). If u G F 2 then by Proposition 031 

(c 2 A <72 )- 1 <t;(JHK n (0,0)< C2 A' ?2 , 

for some c 2 > 0, q 2 > 0. So, 

PfM 92 )- 1 < u(J(n)K>(0, 0) < c 2 X q2 ) > P(F 2 ) > 1 - 3p(A). (3.33) 



The case when n is small is dealt with in the same way as in the proof of (11.171) . 

Next we prove (051) . Let n > 1 and A > 1. Let M = (X<%£^ 7 (X)) 1/ai =: h(X), and set 

R = MI(n), R x = cj23] 5 (A)J(n), R 2 = (^ 6 (X)l(n), (3.34) 

F 3 = {R , Ri, R 2 G J(X)}. Suppose first that n is large enough so that Ri > 1 for < i < 2. By 
Proposition 13.5( b). if u> G F 3 then 

of d(0,X n ) s qg31 7(A) 1 

Taking = Zi(A), we have 

p.(^> fl ) < pra+E(po(^) >/l(A) 

where /f 1 ^) is the inverse of /i(#). 

Now let e > 0. Choose #o so that the right side of (13.351) is less than e. Let h{X) = 9q. Then 
there exists n\ = ni(e) such that if n > n\ then i? , Ri, R2 (given by (13.341) ) are all greater than 
1. If n > n x then (EE5B)1 implies that F*(d(0,X n )/Z(n) > 9 ) < e. 

To handle the case when n < ni, for each a; let 

Z g (u) = max P°(d(0,X n )/X(n) > 9). 

l<n<n\ 

Then is non-increasing in 9, and lim^oo Zq(uj) = for each uj. So, by monotone convergence 

lim EZ e (uj) = 0. 

0— >oo 
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Thus there exists 6± such that 

P*(d(0, X n )/X{n) > 0i) < EZ 9l < e for all n < n x . 

Taking B = 6 Q V Xt we obtain (IL~m 

Finally, we prove (jl.20p . Let e > 0. Choose A so that 2p(A) + l/ q^3| 8 (A) < e, and let 
#o = q33| 8 (A) 2 / cil , S = l/9 . Choose R so that v(R)r(R) = n, and n = n (e) such that n > n 
implies 5R > 1. Set #x = 1 +X(n ), and 6 1 = 9q V 9i. Suppose first that n > n , and set 
F 4 = {_R, 5i? G J(A)}. If oj G F 4 then by Proposition 13.5( c). we have 

P°(d(0,X n )/l(n) <5)< Q (A)5 d \ 

So, 

P*((l + d(0,X n ))/l(n) <r 1 ) <F(rf(0,X n )/I(n)<% 1 ) 

< P(F 4 C ) +E(P°(d(0,X n )/J(n) < ^o 1 );^) 

< 2p(A) + 1/({32] 8 (A) < e. (3.36) 

If n < no then (1 + d(0, X n ))/X{n) > 1/X{n) > O^ 1 , and so we deduce that, for all n, 

P*((l + d(0,X n ))/l(n) < 0- 1 ) < e, 

which proves f 1 1 . 2 1) . □ 

Proof of Proposition \l-4\ We begin with the upper bounds in (ll.2ip . By (13. 7p and Assump- 
tion 0(2), 

E(E°t r ) < E(R cS (0,B(R) c )V(R)) < cv(R)r(R). 

For the lower bounds, it is sufficient to find a set F C Q of 'good' graphs with ¥(F) > c > 
such that, for all u G F we have suitable lower bounds on E®t r , p% n (0,0) or E®d(0, X n ). For the 
lower bounds, we assume that R > 1 is large enough so that 1(\q)R > 1, where Ao is chosen large 
enough that p(Ao) < 1/8. We can then obtain the results for all n (chosen below to depend on R) 
and R by adjusting the constants ci, • • • , c 4 in fll.2ip - fll.23p . 

Let F = {R,l(X )R G J(A )}. Then P(F) > f, and for u G F, by flXT2jl . E%t r > 
Cl (X )v{R)r{R). So, 

E{E°r R ) > E(E°r R ;F) > Cl (X )v(R)r(R)F(F) > c 2 (X )v(R)r(R). 

Also, by jOU, if n G Hc^ 7 (X )v(R)r(R), c^ 7 (X )v{R)r(R)} then 

/ Q qN > C 3 (A ) 

Given n G N, choose i? so that n = q^| 7 (Ao)^(i?)r(i?) and let F be as above. Then 

%2n(0,0)>P(F)^TV> C4(A0) 



u(X(n)) ~ v(I(n)Y 
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giving the lower bound in (11.221) . 

A similar argument uses (13.231) to conclude (11.231) . 

Finally we prove (jl.25p . Let H k be the event of the left hand side of (jl.24p with A = k. By 
Proposition 13.1( a). we see that P2n(0>0) — C\k/v(X{n)) if u> G H k , where R is chosen to satisfy 
v(R)r(R)/2 <n< v(R)r(R). Since F(U k H k ) = 1, using (fL24jl . we have 

«,(o,o) < ? ^P W+A ^)< ? ^±i) Pm) 

since q' > 2. We thus obtain (ll.25p . □ 
Proof of Remark \l.b\ 1. In this case, we have 

n{R cS (0,y) < r(d(0,y)), Vy e = 1, 



so, similarly to the proof of Proposition 13. 1[ for v(R)r(R)/2 < n < v(R)r(R), we have 
Using this and (11.321) . we have 

%2n(0, 0) < -^E(l + -£2L) < ' ' 



v(I(n)) v V(0,R) J ~ v(I(n)Y 

so (11.251) is obtained. □ 

Proof of Theorem \1.5l (I) We will take Qo = Q a (1 Qb (1 Q c where the sets are defined in the 
proofs of (a), (b) and (c). By Assumption 0(3), p(A) = ¥(R £ J (A)) < CoA" 90 . 
(a) We begin with the case x — 0, and write iy(n) = P2n(0, 0). By (13.331) we have 

P((c 1 A 91 )^ 1 < v(X(n))w n < CiA 91 ) > 1 - 3p(A). 

Let n fc = [e fc J and A fc = A; 2/(?0 . Then, since J2p(^k) < °°> by Borel-Cantelli there exists A"o(u;) 
with P(AT < oo) = 1 such that c^ l k~ 2q ^ qo < v{l{n k ))w{n k ) < Cl k 2q ^ qo for all k > K (u). Let 
Q a = {K Q < oo}. For k > K we therefore have 

_ 1 (logn jfc )- 2< ^° (logn fc ) 2<zl/9 ° 

C 2 — rr < W[n k ) < C 2 p;r { rr— , 

v[X[n k )) v(X[n k )) 

so that (ll.26p holds for the subsequence n k . The spectral decomposition gives that p^nC^O) * s 
monotone decreasing in n. So, if n > N = e K ° + 1, let k > K be such that n k <n < n fc+1 . Then 

(lo gnfc ) 2 «/^ , (logn) 2 <^° 

W(n) < W(n fe ) < C 2 -prr, r^— < C 2 ■ 
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Similarly w(n) > w(nk+i) > ^j^yy(l°g n ) 2qi ^ qo . Taking q 2 > 2qi/q , so that the constants 02,03 
can be absorbed into the logn term, we obtain 

If x, y G and A; = 0^(2;, ?/), then using the Chapman-Kolmogorov equation 

P2n(^> ^)(Pfc {X, y)Hx{uj)) 2 < P2n+2k(y, V)- 

Let u e Q a , x e C(u), write fc = (4,(0, a;), ft, w (0,ar) = 0)/^(u;))~ 2 , and let ra > iV (u;) + 2k. 

Then 

P2„(x,x)< ^(0,a;K n+2fc (0,0) 

(log(n + k)) q ' 2 



< h u (Q,x) 



v(l(n + k)) 



<h*>(n ^ ( 1 og( 2 ^)) 92 < (log^) 1+g2 
" lU,Xj «(X(7i)) " «(T(n)) 

provided logn > 2 q2 h u; (0, x). Taking 

N x (u) = exp(2 92 /^(0, x)) + 2d w (0, x) + iVo(cj), (3.38) 

and fix = 1 + ^2, this gives the upper bound in ( 11. 26ft . The lower bound is obtained in the same 
way. 

(b) Let R n = e n and A„ = n 2/ V Let F n = {R n ,l(X n )R n G J(A„)}. Then (provided l{\ n )Rn > 1) 
we have F(F£) < 2p(\ n ) < 2n- 2 . So, by Borel-Cantelli, if tt b = liminf F n , then P(fi b ) = 1. Hence 
there exists Mo with Mo (a;) < 00 on f^, and such that us G F n for all n > Mo (a;). 

Now fix oj G fib, and let x G C(o>). Write F(R) = E*tr. By ( 13.311) there exist constants C4, g 4 
such that 

<^>-' * wSffe (3 - 39) 

provided n > M (u) and n is also large enough so that x G B{l(\ n )R n ). Writing M x (oj) for the 
smallest such n, 



-\\ogR n )- 2q ^ qQ v(R n )r(R n ) < F(R n ) < c 4 (log R n ) 2 ^ qo v(R n )r(R n ), for all n > M x (u). 



As F(R) is monotone increasing, the same argument as in (a) enables us to replace F(R n ) by 
F(R), for aU R > R x = 1 + e M *. Taking (3 2 > 2q 4 /q we obtain (fl~2Th . 

(c) Recall that F n = max <fc<„ d(0, X^). We begin by noting that 

{Y n >R} = {t r < n}. (3.40) 

Using this, (TPS!) follows easily from (05]) . 

It remains to prove (11.291) . Since is monotone in R, as in (b) it is enough to prove the result 
for the subsequence R n = e n . 
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The estimates in (b) give the upper bound. In fact, if u £ Qb, and n > M x (cu), then by (I3.39f) 

So, by Borel-Cantelli (with respect to the law P*), there exists N' x {u,uj) with 

P:{N' X < oo) = J£({C7 : iV>,E7) < oo}) = 1 

such that 

t/j„ < c 5 (log J R n ) 95 t;( J R n )r( J R n ), for all n > 

For the lower bound, write q33] 3 (A) = cq\~ Q6 , q^| 4 (A) = c-i\ qr , where we choose g 6 + q 7 > 2. 
Let A n = n 2 / qo , and e" 1 = cn~ 2 X~ Q6 ~ q7 . Here c > is chosen small enough so that e n < < £J31 i(A). 
Set G n = {R n , e n R n ,l(\ n )e n R n £ J(A n )}. Then, for n sufficiently large so that l(\ n )e n R n > 1, we 
have P(G n ) < 3p(\ n ) < 3c n~ 2 . Let fi c = fi b n (liminf G„); then by Borel-Cantelli, P(J] C ) = 1 
and there exists Mi with M\{oS) < oo for u £ fi c such that a; £ G n whenever n > Mi (a;). By 
Proposition 13.5( a). if n > Mi and x £ B(e n R n ) then 

^(tr, < c 6 \-««v(e n R n )r(e n R n )) < c 7 A„ 7 ^ < c' 7 n~ 2 . (3.41) 

So, using Borel-Cantelli, we deduce that (for some q 8 ) 

r Rn > c 6 X-^v(s n R n )r(e n R n ) > n - q *v(R n )r(R n ) = (log R n )-^v(R n )r(R n ), 

for all n > N"(u,cu). This completes the proof of ( 11.291) . 

The proof of (II) is similar by the following changes; take \ k = (e + (2/C4) log k) l l qo instead 
of A fc = k 2 ' q \ and take N x (u) = exp(exp(C/i w (0, x))) + 2d ul (0,x) + N (lu) in (13381) . Then, logn 
(resp. lognfc, logi? n ) in the above proof are changed to log logn (resp. loglognfc,loglogi? n ) and 
the proof of (a) and (b) goes through. Since the modifications are simple, we omit details. 

We now prove (III). For (a), lim n logp^O, 0)/logn = —D/(D + a), P-a.s. is easy from (11.261) 
and (11.301) . Since J2 n P2n(^^) = 00, X is recurrent, (b) is also easy from (I1.27P and (ll.30p . 
(c) We first consider the case x — 0. Let c\ £ (0, 1), c 2 > 2, q 1 > 1, q 2 > 2 be chosen so that 
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q331 3 ( A ) > c i A 91 . c E3]4( A ) < C 2 A 

Let i?^ = e k , and A^ = k qz where g 3 > 2 is chosen large enough so that J2p(^k) < 00. Let 
e = c 2 A^, k q ^ . Set 

F fc = {-Rfc, gfc-Rfc, ^3~5l 2 ( A ) £ fc-Rfc £ J(Afc)}. 
For u; £ Ffc we have by Proposition 13.5( a) 

J*(t* < CiA^M^M^)) < c.A^ 1 = A; -93 . 
Set n{k) = Cl \l qi v{e k R k )r{e k R k ) > c^{e k R k ) D+a {\og{e k R k ))- m ^ m \ Then 

P*({r Rh < n(k)} U F c k ) < P(F fe c ) + AT 93 < 3p(A fc ) + fc^ 3 . (3.42) 
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Therefore by Borel-Cantelli, we deduce that, P*-a.s., for all sufficiently large k, r# fc > n(k) and 
F k holds. So, for large k, 

Sn(k) < S TRk < V(R k ) < X k v(R k ) < c 4 XkR k (\ogR k ) m K 

If n is sufficiently large, then choosing k so that n(k — 1) < n < n(k), 

log S n < log S n ( k ) < Dk + log(c 4 A fe ) + m 1 log k 



logn logn(Ai-l) (D + a)(A;-l) + log(c3£fe+ 1 a A^ 1 1 )-(mi + m 2 )loglog(e A; e fc ) 

< fc g c 5 log fe 
~ k-lD+a k ' 

and this gives the upper bound in (11.31)) for the case x — 0. 

For the lower bound, let £(x,R) = 1{t x >t r }- If -R E J(A) and e ai < 1/(2C 2 A 2 ) then by Lemma 

EH 

P°(6(z, P) = 1) < C 2 £ ai A 2 , for x G 

Set 

Yfc = V{e k R k y 1 €( x > R k)Px- 

xGB(e k R k ) 

Then if u G F k , 

P°{Y k >§)< 2P°F fe < 2C 2 e£ 1 A 2 < 
Let m(Jfe) = k qs X 2 k v(R k )r(R k ) < c 7 k q3 X 2 k R k +a (log R k ) mi+m2 . Then if w G F k , by fl3T9jl . 

P°(r Rfc > m{k)) < 2X 2 k v(R k )r(R k )m(k)- 1 = 2k" 13 . 

Thus 

P\F c k U {F fc > i} U {r Rk > m{k)}) < 3p(A fc ) + (2 + c 6 )fc"«, 

so by Borel-Cantelli, P*-a.s. there exists a fco(^) < oo such that, for all k > k , F k holds, 
T R k < m(k), and Y k < 1/2. So, for k > k , 

Sm(k) > S TRk = £ (1 - Z( x > R k))v* = V{e k R k ){\ - Y k ) 

x£B(c k R k ) 

> ^v^kRk) > csX k \e k R k ) D (\og(e k R k j)- m ^ 
Let n be large enough so that m(k) < n < m(k + 1) for some k > ko- Then 
\ogS n \ogS m{k) Dk-clogk 



logn ~~ \ogm{k + 1) ~~ (D + a)(k + 1) + d\og(k + 1)' 

and the lower bound in (jl .31)) follows. This proves (jl .31)) when x — 0. 
Now let 

VLq = {uj : G(uS) is recurrent and P°(lim(log S n / logn) = = !}■ 

We have P(fio) = 1- If w G Qq, and x G G(u;) then X hits with P^-probability 1. Since the limit 
does not depend on the initial segment X , . . . , X To , we obtain (jl .31)) . 

□ 
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